
Introduction

Gas sorption measurements on coal at ambient tem-

peratures are of great importance both to science and

technology. This subject becomes especially interest-

ing with regard to the concept of CO2 sequestration in

underground geological formations, in unmineable

coal seams [1–4] among others, and safety consider-

ations (sudden outbursts of methane) [5, 6]. Recent

works [7–9] have also shown that, in extreme cases,

as a result of oxidation progressing processes of coal

seams and coal dumps or these coals used as gas col-

lectors (in the storing process), certain amounts of

molecular hydrogen (H2) may be emitted.

Many ways of calculating the kinetic parameters

for the description of sorption kinetics in porous

sorbents, under precisely defined experimental condi-

tions, have been proposed in literature. However, they

all involve strong preliminary approximations.

In literature, only limited information concern-

ing the modelling of the sorption kinetics of various

gases on coal is available, which is not the case with

the activated carbon.

Models based solely on the diffusion model or

on the non-Fickian kinetics model (Langmuir type re-

lationship) have been most often used. Nevertheless,

they are too complex to be solved for different porous

solid bodies. For this reason, the linear driving forces

(LDF) approximation has been applied [10–12]. The

disadvantage of the latter approximation is that it can

be only used in convenient conditions in which it is

valid, i.e. for the near-equilibrium ones (a large diffu-

sion parameter D/r
2

[11]). Generally, the LDF model

should be applied carefully for coal sorbents, i.e. for

slow processes (low diffusion parameter value).

In the case of activated carbon, it is assumed that

the rates of sorption and desorption in a graphitic

channel of a given width follow the Langmuir’s kinet-

ics (Eqs (3) and (4) in Ref. [13]). The kinetics equa-

tion is of the first-order (symbol F1).

In most cases, however, e.g. for ambient tempera-

tures and pressure and in the case of coal, the diffusion

model based on Fick’s II law is adopted, and some sim-

plifications are introduced in order to determine the dif-

fusion coefficient (D) [10, 14–20]. In the study [19], the

kinetic constant (k) was estimated from the model F2. In

the continuation of the studies [19] in the present paper,

this problem is discussed in greater detail. However,

particular attention is paid to the correctness of the ki-

netic model F2, because when using simple methods of

the parameters estimation basing on Fick’s II law, the

obtained results are not satisfactory enough. This analy-

sis is recognized as an important consideration for acti-

vation energy, discussed in further study.
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In earlier years, measurements of sorption and

diffusion of gases in high rank coal under isother-

mal-isobaric conditions were initiated. The aim of the

present study was to determine Fick’s diffusion coef-

ficient (D). The study is an attempt to show the final

analysis of experiments and a complementary study

of a mathematical description of the set of empirical

data for the pressure range under examination, in

view of the solutions of Fick’s law known from the

literature.

Experimental

Materials and methods

The sorption experiments have been conducted on

coal type 42 (anthracite in Polish classification) and

index 100B (in international classification) with some

characteristics as follows: C
daf

=92.13%; W
a
=0.8%;

A
d
=9.2%; V

daf
=9.5%. The investigations were carried

out in pressures range up to 0.1 MPa. The diffusion of

carbon dioxide and of methane was measured using

volumetric method.

The samples with four grain sizes, between below

0.032 and 1.5 mm, were selected for further measure-

ments by the conventional grinding method. Coal

samples of 100 g were preground using a rotating

pulveriser and then ground in a ball mind at the

atmospheric pressure and at ambient temperature in

air. Particle size is recognized as an important

consideration for estimation of the diffusion coeffi-

cients. Hence, three grain fractions obtained in the

grinding processes were subjected to grain analysis in

Laser-Particle-Sizer (Analysette 22, Fritsch GmbH)

which enables to determine the grain size distribution

only up to the maximal diameter of grains below 1 mm.

From this analysis the mean diameter has been

determined as the arithmetic mean and the harmonic

mean, which is directly proportional to the kinetic ex-

ternal surface area (Skinetic) of a model system of

spheres (of 1 g cm
–3

density). A graphic presentation

of the grain size distributions R1 to R3 is shown in

Fig. 1. The drawn straight lines are the linearization

of the grain distributions RRSB [21, 22], and the total

results are presented in Table 1. From Fig. 1 it follows

that fraction R1 is the most homogeneous when tak-

ing into consideration the relation of the coal mass

fraction – slope of the RRSB function �=1.48. How-

ever, the narrow fraction R3 (0.49–0.75 mm) contains

only 40% of the required size fraction of rather great

uniformity (�=3.76, thus grain size distribution is sim-

ilar to geometric-arithmetic distribution [23]). The

rest of the section is of low uniformity (Fig. 1). This

analysis indicates that the real fraction R1 can be de-

scribed analytically. However, Fig. 1 presents evi-

dence that we are unable to prepare isomorphic grain

mixtures for the investigations. Hence, it has been

demonstrated that the use of the average granulation

parameters is not recommended.

This study is related to the paper [19]. However,

the focus is on the practical aspect of the problem of

estimating a single rate constant from the dependence

described by a number series. Accordingly, the ki-

netic curves of sorption processes have been analysed
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Fig. 1 Grain size distribution of the examined coals a – cartesian coordinates, b – RRSB distribution function



at the temperatures of 293 and 303 K, for two gases

and for four grain fractions of coal samples,

i.e. 2·3·4=24 experimental data, altogether.

Calculation technique

The problem considered in this work is the elaboration

of a method of estimating the kinetic parameter for an

isomorphous spherical sorbent in accordance with

Fick’s II law, starting from the following differential

form of the diffusion equation that takes into account the

sorption process (Fick’s II law presented in [17, 18]):

�

��

c
D c� �

2
(1)

Depending on the adopted initial and boundary

conditions, there are many forms of solving Eq. (1)

(e.g. [24–29]). Generally, in the case of a spherical

sorbent, a radial diffusion direction towards the grain

intrinsic is assumed. Thus, the solution:
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is obtained, in which the diffusion coefficient (D) is

occasionally assumed to be the effective diffusion co-

efficient (Deff) [17, 18, 30].

The solution of Eq. (1) for short times (very fast

processes) is the approximation:

y
r

D
�

6 �



(3)

For y>0.5, we apply Eq. (2) for n=1, and for

y<0.25, Eq. (3) [15, 19, 24] is applied. As a result, it is

possible that the diffusion coefficient may vary in the

range of the considered intervals. However, it is also

certainly influenced by the rate of the series conver-

gence, and consequently, it depends on the number of

terms in a number series.

When trying to define the aim of the study more

accurately, one would expect the adaptation of the so-

lution of the Eq. (2) for high rank coal. Finally, the se-

lection of the method of calculating the diffusion co-

efficient at different temperatures will influence the

estimation of activation energy expressed by the

analogue of the Arrhenius law.

The application of the solution of Eq. (2) to esti-

mate the diffusion coefficient for coal – gas systems

has become a problem. There are some methods

which, at certain approximation may be used to sim-

plify the formal difficulties.

The most important ones are:

• linearization of Eq. (2) for n=1 (first term of the

number series) is more accurate only for 0.86�y�1

(than y>0.5, Fig. 2);

• application of the formula given by Timofiejew

[24] for the half-time of the sorption process (�0.5),

i.e. while y=0.5

D
r

�0308

2

2

0 5

.

.

 �

(4)

• a method frequently used by Ciembroniewicz [20],

which relies on the transformation of the relation

D�/r
2

vs. �

• linearization of the relation y vs. � for the initial

part of the kinetic curve (y
2

vs. � being much

better), only for very fast processes (better in form

Eq. (3)) [15, 24]

y
D

r

2

2

36
�




�
(5)
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Table 1 Characteristics of coal grain size

Dimension by

mechanical

separation/mm

Dimension

according to laser

analysis/mm

Mean radius,

r/mm

Mean radius

according to laser

analysis, r/mm

S
BET

*
/

m
2

g
–1

Skinetic according to

laser analysis/

cm
2

g
–1

R1 <0.032 85.00% < 0.0337 0.008 0.0105 2.44 0.73

R2 0.10–0.30 60.02% 0.10–0.30 0.1 0.1155 0.24 0.12

R3 0.49–0.75 40.06% 0.49–0.75 0.31 0.3415 0.13 0.03

R4 1.00–1.50 not measured 1.25 not measured 0.11 not measured

*
obtained from low-temperature sorption of krypton [19], expressed in m

2
g

–1
, as opposed to the external kinetic surface which is

expressed in cm
2

g
–1

. Ranges essentially differing between the fractions are rejected

Fig. 2 Simulated progress of the Eq. (2) for varying number of

the series terms; 1�n�20



• introduction of a new variable to Eq. (2) [30]:

K
D

r

�



�

2

2
(6)

in which the left hand side could be formulated by an

algebraic expression containing the fractional uptake

y=a/am [30].

Discussion of the solution of Eq. (2)

In agreement with the trends of formulating the ki-

netic equations containing time in the first power, for

the sake of simplicity we introduce the following de-

notations into the solution of Eq. (2):

t �e
– �

, for �=0; t=1 for � �� and t�0 (7)

and

C
D

r

�



2

2
(8)

Thus, we obtain:

y
t

n
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2

(9)

where t changes along with the time � in the interval

1�t�0.

It should be noted that the relation between

Eqs (6) and (8) is very simple:

K C� � (10)

For t=1 and �=0 we get y=0 on the left hand side,

whereas on the right hand side we get:
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In Eq. (2), the number series is a special case of

Riemann’s  function for the exponent 2 [19]:

��� 
� � �

�

	
1

6 16449
2
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/ . (12)

Thus, only in this case in Eq. (2) will there be

agreement between the left and the right hand sides of

the equation. Otherwise, when stopping the number

series (9), e.g. after the first three terms (n=3), we ob-

tain the following relation:

0 1
6

1361 01725
2

� � �




. . (13)

The use of Eq. (2) or Eq. (9) is difficult on account

of slow convergence of the number series in the initial

measurement range, i.e. for a time close to zero. Figure 2

illustrates the situation under consideration clearly.

An analysis of the problem has shown that the esti-

mation of the complex parameter C (Eq. (8)) should be

realized in parallel, in three ways (Eqs (14) to (16)):
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Fig. 3 The model fitting and the experimental data of CH4

sorption kinetics on coal (for four typical cases);

� – experimental; ––– – linear correlation without an

intercept (M. REG.); – – – – n=1 (NON. REG);

· · · – n=10 (NON. REG.)



• the series is stopped at the term n=1, and linear cor-

relation without an intercept (M. REG.) is applied:

� � �ln ( )



�

2

6
1 y C (14)

• the procedure of non-linear regression

(NON. REG.) for n=1 is applied:


 �

2

6
1( )� �y e

–C
(15)

• the procedure of non-linear regression for a greater

number of terms, n>>>1, is applied:



�2

2
6

1( )� �

��

	y

n

e
–n C

n = 1

n
2

(16)

For the experimental data set under consider-

ation, it was determined using the trial and error

method, that n=10 is sufficient. However, in some

cases satisfactory accuracy is obtained even for n=3

or 4.

The three adopted calculation proce-

dures (14)–(16), together with Fig. 3, account for the

necessity of such a solution of the problem.

For very fast sorption processes, the experimen-

tal data are instantaneously grouped in the neighbour-

hood of the asymptotic part of the kinetic curve. On

the other hand, for slow sorption processes the experi-

mental points are grouped near the initial region of

the kinetic curve. In this case, the number of the ac-

cepted terms of the series (Eq. 2), which is convergent

at the initial stage of the progress of the sorption pro-

cess, becomes very important.

Comparison with another simplified method

Another mathematical approach, which adapts the al-

gorithm found in the study [30], and is explained in

the greater detail below may be used to provide addi-

tional evidence that a mathematical description of

coal–gas systems using Fick’s II law is very difficult.

This approach is based on Eq. (2), in a form that guar-

antees minimal error of estimation with minimal val-

ues of the target function as a measure of the quality

of fitting the experimental data. Finally, for Eq. (8)

we obtain:

C
D

r
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2

2

1 453
0286 8151

y
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.
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D
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2
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0285 0284

1 1927 0927

. .

. .

0.8�y�0.9 (18)

Equations (17) and (18) are used in the following

way: the right hand sides of both equations, which de-

pend only on y=a/am, are calculated and the obtained

values are divided by the time, with ��0. The ob-

tained values are then plotted vs. y in the adopted rele-

vance interval. In the case when Eq. (2) is satisfied,

we can separate straight lines, parallel to the coordi-

nate axis y, for the value C=

2
D/r

2
=constant.

Figure 4a presents as an example the respective

dependence for C=

2
D/r

2
=1.67·10

–5
, s

–1
(see Fig. 2).

Figure 4b shows those results of our study which can

regarded as the closest to the model. This figure con-

firms the earlier observations that it is not possible to

describe the kinetic curve by Eq. (2) in the whole

range of the measured times.

Results and discussion

Taking into consideration the results of the kinetic anal-

ysis, it should be noted that only the single parameter

(C) was estimated by means of the three dependences.

Equations (14) and (15) may be recognized as theoreti-

cally equivalent, whereas the formulae (15) and (16)

may not be recognized as such. The parameter (C) deter-

mined from Eq. (14) was introduced as an initial param-

eter in the non-linear regression (NON REG.), i.e. in

Eq. (15), and the parameter determined from Eq. (15)

was then put into Eq. (16).
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Fig. 4 Graphical interpretation of formulae (17) and (18),

a – model prediction, b – experimental data in the sys-

tem: coal (R2) – CH4 at T=303 K; f1(y) and f2(y) – right

hand sides of Eq. (17) or Eq. (18)



The kinetics data in Table 2 indicate that the val-

ues of the determined constant (C) depend on the ac-

cepted calculation technique, including the impossi-

bility of its determination. It is also surprising that the

probability variation of the determined constant on

the significance level (in statistical symbols) ranges

from 0.0
(4)

to a practically zero level. The relation-

ships obtained for carbon dioxide are more adequate

than those obtained for methane. In the case of CH4

and the specific surface area R4 – SBET=0.11 m
2

g
–1

,

the result was absurd (for the Eq. (14)).

This occurred regardless of whether the applied

temperature was 293 or 303 K.

According to predictions and literature, Eq. (14)

offers a better description of the final part of the ki-

netic curve. The obtained results cannot be used to de-

scribe the kinetic curve in its initial range, since there

is disagreement between the initial parameters, which

follows from the fact that for �=0 and n=1 (Fig. 2):

y� � � �1
6

0392 0
2




. (19)

Consequently, the initial range, which is better

described by Eq. (16), and occasionally by Eq. (15),

cannot be used for estimation, as it does not yield any

solutions.

A hypothesis can be suggested that the complex

kinetic parameter (C) (Eq. (8)), which is directly pro-

portional to the diffusion coefficient (D), for the ex-

amined system: coal (type 42) – CO2 and CH4, varies

with the progress of the sorption process, i.e. it be-

comes reduced. This decrease may be continuous or

stepwise, the latter being true for the finest grain size

(R1 – SBET=2.44 m
2

g
–1

). The changes observed for

carbon dioxide (Table 2), on the other hand, are con-

tinuous.

As it is easy to demonstrate, the present study be-

longs to the category of chemometric analyses, ap-

plied to kinetic experimental data. As follows from

the data in Table 2, some cases belong to the range of

problems for which the determination coefficient:

R
2

0� (20)

but, nevertheless, the objective of the study, i.e. the

estimation of Fick’s diffusion coefficient is attained.

Conclusions

• The kinetics data in Table 2 present the final results

of the estimation procedures, indicating essential
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Table 2 Estimated values of the parameter C for gases sorption on coal (T=293 K)
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5
/

s
–1 R

2
ratio

C ·10
5
/

s
–1 R

2
ratio

carbon dioxide

R1 45.35 0.7116 59.22 0.0
(5)

281.05 0.7283 341.37 362.23 0.5133 179.93

R2 5.68 0.9263 301.68 0.0
(5)

6.29 0.7619 571.95 11.91 0.6194 348.83

R3 1.31 0.8920 198.25 0.0
(5)

1.28 0.6961 485.04 1.55 0.9730 5714.98

R4 0.17 0.3859 15.08 0.001 0.15 0.1782 570.88 0.25 0.9476 9311.34

methane

R1 2.39 0.794 42.44 0.0001 8.15 0.207 67.71 12.47 0 41.36

R2 0.29 0.942 178.65 0.0
(4)

0.30 0.818 64.82 0.48 0.891 115.99

R3 0.02 0.035 0.40 0.1330 not determined 0.15 0 14.81

R4 –0.06 0.117 2.90 0.1024 not determined 0.06 0 11.28

s.l. – significance level, e.g. 0.0
(4)

=0.0000

Fig. 5 Comparison experimental and predicted data for the

imposed number of terms of the number series;

� – experimental



differences in the values of parameter C, deter-

mined from Eq. (8), whereas Fig. 3, shows an ex-

ample of the physical interpretation of the obtained

results. For a large specific surface area (for

R1 – SBET=2.44 m
2

g
–1

), the initial sorption range of

experimental data enables the determination of the

classic diffusion coefficient from Fick’s II law

(Eqs (15) and (16)), and this parameter then under-

goes variation, i.e. it diminishes and at that point

may be estimated from Fick’s simplified law, stop-

ping the series (2) at the first term (n=1, in Eq. (9)

with the limiting conditions (7)).

• As the specific surface area, SBET, approaches to

zero, very distinct differences resulting from the

mathematical form adopted for the estimation of

the complex constant (parameter C), may be ob-

served, leading even to absurd solutions (C<0).

• The course of the kinetic curve, shown in Fig. 5, in-

dicates a stepwise decrease of the diffusion coeffi-

cient, and, accordingly, the applied relation given

in [25] can be presented as the inequality:

Dshort times�Dlong times

The results of this study confirm the existence of a

strong relation between Fick’s second law and the

kinetic model F2 proposed in the study [19].

• Finally, the selection of the method of calculating

the diffusion coefficient at two temperatures is rec-

ommended for the analysis of activation energy ex-

pressed by analogue of the Arrhenius law.

In our calculation procedure, the estimation of the

diffusion coefficient D is neglected. This problem

has been formulated in view of the necessity of an-

alyzing the constant C, because for such materials

as coal we cannot provide an evaluation of one-pa-

rameter analysis of the coal grain size distribution.

Thus, the mentioned law will formally refer to a

complex expression containing the diffusion pa-

rameter D/r
2

(with dimension s
–1

), and may conse-

quently be expressed as Eq. (8). Hence, in case of a

more complicated problem of one-parameter distri-

bution, even for the narrow fraction R3, it is better

to use the constant C=

2
D/r

2
. In the final evalua-

tions the interrelation of the kinetic-diffusion pa-

rameters was taken into consideration.

Nomenclature

a Amount adsorbed after time �, mmol g
–1

am Maximal amount adsorbed at equilibrium state,

mmol g
–1

A
d

Ash content, mass% dry coal

c Concentration of sorbate in non-adsorbed state,

mmol cm
–3

C Complex kinetic parameter in Eq. (8), s
–1

C
daf

Carbon content, mass% daf

D Fickian diffusivity, cm
2

s
–1

Deff Effective diffusion coefficient, cm
2

s
–1

f1(y), f2(y) Right hand sides of Eq. (17) or Eq. (18), Fig. 4

F Statistical test

F1, F2 Mechanism symbol according to first and second

kinetic order, respectively

K Complex variable introduced in Ref. [30]

M. REG. Multiple regression

n Integer, n�1, number of terms of the series (2)

NON. REG. Non-linear regression

ratio Correlation ratio in procedure of non-linear

regression, analogue of F test

r Grain radius, cm

R
2

Determination coefficient, 0�R
2
�1

R
0

2
Determination coefficient for one parameter straight

line (without intercept in the equation), 0�R
�

�
�1

RRSB Rosin–Rammer–Benett–Sperling function of grains

size distribution

t Additional variable in Eq. (7)

T Absolute temperature, K

s.l. Significance level

SBET Specific surface area, m
2

g
–1

Skinetic External surface area, cm
2

g
–1

V
daf

Volatile matter, mass% daf

W
a

Moisture, mass% analytical

y=a/am Fractional uptake, 0�y�1

Y part by mass of grains larger than size X/� m, %, Fig. 1

Subscripts

a
Analytical state

d
Dry coal basis

daf
Dry ash-free

Greek symbols

� Slope of the RRSB function in linear form (i.e. in the

functional scales)

� Time, s

�0.5 Half-time of the sorption process for y=0.5, s

�
2

Laplacian for x,y,z coordinates,
�

�

�

�

�

�

2

2

2

2

2

2

c

x

c

y

c

z
; ;

�

�

�
�

�

�

�
�
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